An almost Golden Riemannian structure (ϕ, g) on a manifold is given by a tensor field ϕ of type (1,1) satisfying the Golden section relation ϕ 2 = ϕ + 1, and a pure Riemannian metric g, i.e., a metric satisfying g(ϕX, Y ) = g(X, ϕY ). We study connections adapted to such a structure, finding two of them, the first canonical and the well adapted, which measure the integrability of ϕ and the integrability of the G-structure corresponding to (ϕ, g).
Introduction
The Golden section or Golden mean φ is the positive root of the polynomial equation x 2 − x − 1 = 0; i.e., φ =
1+
√ 5
2 . The negative root of the previous equation, usually denoted byφ, satisfiesφ = 1− √ 5 2 = 1 − φ. In the last years the Golden mean can be found in many areas of mathematical and physical research (see, e.g., [3] and [12] and the references therein). As generalization of the Golden mean appear the metallic means (see [2] ), which are the positive root of the equation x 2 − px − q = 0, where p, q are positive integers.
Analogously to almost product and almost complex structures on a differentiable manifold, in [1] , Crasmareanu and Hreţcanu introduced and studied the Golden structures. All of them are examples of polynomial structures of degree 2. Goldberg and Yano defined the polynomial structures of degree d on a manifold M as tensor fields J of type (1, 1) with constant rank such that d is the smallest integer which J d , J d−1 , . . . , J, Id are not independent, where Id is the identity tensor field (see [7] ). Then there exist a d−1 , . . . , a 1 , a 0 ∈ R such that J d + a d−1 J d−1 + . . . + a 1 J + a 0 Id = 0. An almost product (resp. almost complex) structure J satisfies J 2 − Id = 0 (resp. J 2 + Id = 0). In this case (M, J) is called almost product (resp. almost complex) manifold. Now we precise the notion of almost Golden structure. Some authors later study metallic structures which are polynomials structures satisfying ϕ 2 = pϕ + qId, where p, q are positive integers. Then, the first example of these structures are the Golden ones.
Unlike the paper [1] we use the word "almost" to general Golden structures on a manifold. We say that a manifold M is a Golden manifold if it has an integrable almost Golden structure.
Recall that a polynomial structure J is integrable if the Nijenhuis tensor N J vanishes, where Many works about polynomial structures are devoted to study compatible Riemannian metrics and adapted or natural covariant derivatives to a polynomial structure. Let J be a polynomial structure on M . A Riemannian metric g is compatible with J if satisfies
(1.
2)
The most known manifolds in these conditions are almost Riemannian product with null trace manifolds. This kind of manifolds are a particular class of (J 2 = ±1)-metric ones (see [5] ). If the metric g satisfies the condition (1.2) then g is called a pure metric respect to the polynomial structure J (see, e.g., [6] and [10] ). One says that a covariant derivative ∇ on M is adapted to J if ∇J = 0. As is well known, if ∇ is a torsion-free covariant law then one has
Then the existence of symmetric adapted derivation laws to a polynomial structure is a sufficient condition to assure its integrability.
In [1] , the authors also studied almost Golden structures which admit compatible Riemannian metrics.
be an almost Golden structure and let g be a Riemannian metric on M . We say that (ϕ, g) is an almost Golden Riemannian structure on M if
In this case (M, ϕ, g) is called an almost Golden Riemannian manifold.
Note that the condition (1.4) is equivalent to the following one
However in the case of almost product Riemannian manifolds the condition (1.2) is equivalent to
The main technique to study the geometry of an almost Golden manifold in [1] is based on the use of the corresponding almost product structure. The authors show that almost Golden and almost product structures are closely related by the following 
is an almost product structure on M . We say that J ϕ is the almost product structure induced by ϕ.
ii) Let J be an almost product structure on M . Then
is an almost Golden structure on M . We say that ϕ J is the almost Golden induced by J.
Thus there exist an 1 : 1 correspondence between almost Golden structures and almost product structures on M because ϕ Jϕ = ϕ and J ϕ J = J.
As direct consequence of the introduction of the almost product structure induced by the almost Golden structure one has the following
Proof. By straightforward calculations from the definitions of the almost product structure J ϕ induced by ϕ and the Nijenhuis tensors of ϕ and J ϕ (see (1.1) and (1.6)).
Then it is obvious the equivalence between the integrability of the structures ϕ and J ϕ .
Starting from the results of Crasmareanu and Hreţcanu we will continue the study of this kind of manifolds using the closely relation between almost Golden and almost product structures. We want to go further into the relation specified in Proposition 1.3. Then it is necessary to link the G-structures defined over M by the two polynomial structures.
Bearing in mind the Definition 1.2, Proposition 1.3 and condition (1.2) it easy to prove the following equivalencies
i.e., the Riemannian metric g is pure with respect to the almost Golden structure ϕ (resp. ϕ J ) if and only g is pure respect to the almost product structure J ϕ (resp. J) too. Then the next step will be study the G-structures defined by both structures in the case when they admit a compatible Riemannian metric. By means of these G-structures we will focus on almost Golden Riemannian manifolds. We will show the set of natural derivation laws of this kind of manifolds, which are the covariant derivatives that simultaneously parallelize the Riemannian metric and the almost Golden structure (see Definition 4.1). Previously we will address the set of natural connections of an almost Golden structure highlighting its relation with the set of natural connections of the almost product structure induced by the almost Golden structure.
We will prove that there exist two distinguished natural derivation laws on an almost Golden Riemannian manifold, the first canonical and the well adapted connections, which characterize the integrability of the almost Golden structure (Theorem 5.2) and the G-structure defined over an almost Golden Riemannian manifold (Proposition 5.3). We will conclude our study analyzing the coincidence of both linear connections and the Levi Civita connection of the Riemannian metric. The main difference between Schouten and Vrȃnceanu connections in the case of almost Golden manifolds and the previous ones in the case of almost Golden Riemannian manifolds is that the first canonical and the well adapted connections can be uniquely defined.
We will consider smooth manifolds and operators being of class C ∞ . As in this introduction, X(M ) denotes the module of vector fields of a manifold M . We denote by T p q (M ) the module of tensor fields of type (p, q) of a manifold M . The general (resp. orthogonal) linear group will be denoted as usual by GL(n, R) (resp. O(n, R)).
G-structures defined over almost Golden Riemannian manifolds
Now we analyze the relation between the G-structures defined over a manifold by almost Golden and almost product structures. Let (M, ϕ) be an almost Golden structure. For every p ∈ M the tangent vector space T p (M ) splits as follows
The relation between these vector subspaces of T p (M ) is the following
If one denotes T + (M ) = ker(J ϕ − Id) and T − (M ) = ker(J ϕ + Id), then the above equivalences show that
and then the corresponding distributions coincide:
whose structural group is G ϕ = GL(r; R) × GL(s; R), where F(M ) is the principal bundle of linear frames of M and r = dim D φ , s = dim Dφ, r + s = n.
Proof. Trivial.
Therefore the G ϕ -structure defined by ϕ over M is the same G-structure defined by J ϕ .
The above identities justify the existence of the 1 : 1 correspondence between almost Golden and almost product structures on a manifold M showed in Proposition 1.3.
The next step in our study is the G-structure defined by an almost Golden Riemannian structure. Proposition 2.1 carries naturally to the following one.
Then it is obvious that the G (ϕ,g) -structure coincides with the G-structure defined by the almost product Riemannian structure (J ϕ , g) over M .
The previous results consolidate the approach to the study of almost Golden manifolds initiated in [1] by using the almost product structure induced by the almost Golden one. In this paper, we explore the geometry of an almost Golden Riemannian manifold by means of the induced almost product Riemann structure.
Adapted connections to almost Golden structures
The set of all linear connections whose derivation law is adapted to ϕ can be found in [1, Theor 5.1] . We will analyze later this result more deeply. First, we relate derivation laws adapted to an almost Golden structure with derivation laws adapted to an almost product structure. Proof. Recall that if J is a tensor field of type (1, 1) then ∇J = 0 means J∇ X Y = ∇ X JY for every X, Y , vector fields on M . Suppose that ∇ϕ = 0 then
thus ∇J ϕ = 0. Analogously if ∇J ϕ = 0 then
therefore ∇ϕ = 0.
The previous lemma shows that the shortest way to attach an adapted derivation law to an almost Golden structure is to build an adapted one to the induced almost product structure. If we denote by J + ϕ and J − ϕ the projectors of T M over T + M and T − M respectively, starting from a derivation law ∇ one can construct the following two adapted derivation laws to the almost product structure J ϕ
called the Schouten and Vrȃnceanu type connections (see e.g.; [8] and the references therein).
An almost product structure is a particular case of an α-structure, which is a way of generalizing simultaneously almost product and almost complex structures on a manifold (see [5, Sec. 2] ). In that paper, the authors study linear connections whose covariant derivatives are adapted to an α-structure. By this reason they introduce the so-called ∇ 0 type connections starting from a derivation law ∇ as in the previous cases
which is also a natural derivation law of J ϕ . It is easy to prove that ∇ 0 and Schouten type connections are the same in the case of the polynomial structure J ϕ . Indeed, taking into account that
then for every X, Y vector fields on M one has
These adapted connections to the almost Golden structure can be used to study D φ and Dφ (see [ 
4]).
However, the Schouten (or ∇ 0 ) and Vrȃnceanu type connections are not uniquely defined because they depend on an arbitrary covariant derivative.
∇ 0 type connections will help us to show the set of linear connections adapted to an almost Golden structure by means of the induced almost product structure. 
Proof. Bearing in mind that one can describe the set of natural derivation laws of J ϕ by means of ∇ 0 as above (see [5, Prop. 2.4]), Lemma 3.1 allows to claim that the set of adapted derivation laws to an almost Golden structure ϕ is the set presented above.
Remark 3.3 Crasmareanu and Hreţcanu proved that the set of adapted covariant derivatives to an almost Golden structure in [1, Theor. 5.1] is the following
where
for every X and Y vector fields on M , is called the associated Obata operator. This set coincides with the previous one. An easy calculation shows that the set L of the previous proposition is the image of T 1 2 (M ) by the associated Obata operator (see [5, Prop. 2.3]). Taking into account the definition of J ϕ one has
As we have pointed out in the Introduction, adapted connections are useful tools to study the integrability of a polynomial structure (see identity (1.3) ). In the case of an almost product structure, integrability can be characterized by the existence of a symmetric adapted covariant law (see [13, Theor. 25 ii) There exists a torsion-free derivation law ∇ such that ∇ϕ = 0.
Adapted connections to almost Golden Riemannian structures
We continue the study of almost Golden Riemannian manifolds starting from Proposition 3.2. We will study the covariant derivatives which parallelize the almost Golden structure and the Riemannian metric. If one changes the almost Golden structure by an almost product structure in the last definition then one recovers the well known notion of adapted derivation law on almost product Riemannian manifolds. Thus one has the following result analogous to Lemma 3.1. (M, ϕ, g ) be an almost Golden Riemannian manifold and let ∇ be a derivation law on M . The derivation law ∇ is adapted to the almost Golden Riemannian structure (ϕ, g) if and only if ∇ adapted to the almost product Riemannian structure (J ϕ , g).
Proposition 4.2 Let
Unlike the previous case, there exists a distinguished connection on a Riemannian manifold, the Levi Civita connection, which allow to us define a distinguished natural connection on an almost Golden Riemannian manifold.
Definition 4.3 Let (M, ϕ, g) be an almost Golden Riemannian manifold and let ∇ g be the derivation law of the Levi Civita connection of g. The first canonical connection of (M, ϕ, g) is the linear connection having the covariant derivative given by
The first canonical connection have been studied in a particular case of almost product Riemannian manifolds in [5] . More precisely, Lemmas 3.10 and 3.12 of that paper prove that ∇ 0 is adapted to the almost product Riemannian structure and show how to build the set of adapted covariant derivatives starting from ∇ 0 . The proofs detailed there also runs here. These results and Proposition 4.2 allow to show the set of natural covariant derivatives on an almost Golden Riemannian manifold by means of the first canonical connection. (M, ϕ, g ) be an almost Golden Riemannian manifold. The first canonical connection ∇ 0 is adapted to (ϕ, g). Moreover, the set of natural derivation laws of (ϕ, g) is
Lemma 4.4 Let
The first canonical connection is not the unique distinguished adapted connection to the almost Golden Riemannian structure which can be introduced with the help of the induced almost product Riemannian structure. There exists another adapted connection previously introduced in [4] , attached to an almost product Riemannian structure in the paracomplex case; i.e., r = s. However, the most part of the results and proofs showed there are also still valid in the case r = s. 
where T w denotes the torsion tensor of ∇ w . The well adapted connection Γ w of the almost product Riemannian structure (J ϕ , g) is the linear connection having the covariant derivative ∇ w .
The well adapted connection is a linear connection adapted to (J ϕ , g) distinguished by the condition (4.7) over its torsion tensor. But that condition also can be written by the following equivalent conditions
for all X, Y, Z vector fields on M (see [4, Equations (4.4) and (4.5)]). Then the well adapted connection can be introduced on almost Golden Riemannian manifolds as follows Theorem 4.6 Let (M, ϕ, g) be an almost Golden Riemannian manifold. There exists a unique derivation law ∇ w on M adapted to (ϕ, g) satisfying
where T w denotes the torsion tensor of ∇ w . The well adapted connection Γ w of the almost Golden Riemannian structure (ϕ, g) is the linear connection having the covariant derivative ∇ w .
The main difference between Schouten and Vrȃnceanu connections in the case of almost Golden manifolds and the previous ones in the case of almost Golden Riemannian manifolds is that the first canonical and the well adapted connections can be uniquely defined. Besides, the Levi Civita connection and the well adapted connection are particular cases of functorial connections. The theory of functorial connections has been developed to study connections in the very large framework of G-structures (see [9] and [11] ). The difference lies in the Lie group G of each G-structure defined over M by almost Golden and almost Golden Riemannian structures, more precisely, in the Lie algebra g of the Lie group G.
In [11, Theor 8.1] , the authors characterize the existence of a functorial connection attached to a Gstructure by means of a condition over the Lie algebra g of G. The next result show sufficient conditions that assure the existence of such a connection. [11, Theor 8.1] , where g (1) = {S ∈ Hom(R n , g) : S(v)w − S(w)v = 0, ∀v, w ∈ R n } denotes the first prolongation of the Lie algebra g.
Moreover, the vanishing of the first prolongation of the Lie algebra is an obstruction to its existence (see [11, Theor. 2.2] ). The Lie algebras of the orthogonal Lie group O(n; R) and the Lie group O(r; R) × O(s; R) fullfill the conditions of Theorem 4.7, then there exist a functorial connection attached to O(n; R)-and O(r; R) × O(s; R)-structures. Such connections are the Levi Civita of a Riemannian manifold (see [9, Sec. 2] ) and the well adapted of an almost product Riemannian manifold (see Theorem 4.5). However, the first prolongation of Lie algebra of the Lie group GL(r; R) × GL(s; R) does not vanish then GL(r; R) × GL(s; R)-structures; i.e., almost Golden and almost product manifolds do not admit a functorial connection. By this reason Schouten and Vrȃnceanu type connections are the most useful linear connections one can consider on these manifolds.
5 Integrability of ϕ and integrability of the G (ϕ,g) -structure
The main purpose of [6] is to characterize the integrability of almost Golden structures on almost Golden Riemannian manifolds. Proposition 3.4 is the most known characterization of the integrability of the polynomial structure ϕ on an almost Golden Riemannian manifold (M, ϕ, g) (see, e.g.; [6] ). In the quoted paper, the authors obtain another sufficient condition to the integrability of ϕ, [6, Prop. 2.4], which is not a necessary condition. Moreover, the condition showed in the quoted result is equivalent to ∇ g J ϕ = 0 or ∇ g ϕ = 0; i.e., it is equivalent to the fact that the derivation law of the Levi Civita connection is an adapted connection to (ϕ, g) (see [6, Prop. 2.5] ).
The first canonical connection of (M, ϕ, g) is an adequate tool to obtain necessary and sufficient conditions to characterize the integrability of the almost Golden structure ϕ. 
where T 0 denotes the torsion tensor of ∇ 0 .
Proof. By straightforward calculations starting from the definitions of the almost product structure J ϕ induced by ϕ and the first canonical connection ∇ 0 .
As a direct consequence of the previous lemma one has the following about the integrability of ϕ. 
Proof. Taking into account Lemmas 1.4 and 5.1 one has that ϕ is integrable if and only if
Let X, Y be vector fields on M . Then one has The integrability of a G-structure which admits a functorial connection can be characterized with the help of the well adapted connection (see [11, Theor. 2.3] ). Then one has The above results also can be expressed by the coincidence of the different linear connections. First we recall some identities on an almost product Riemannian manifold (M, J, g) which are direct consequence of the definition of ∇ g J and the equivalent properties (1.2) and (1.5).
then, summing up the above equalities and taking into account formula (1.3) we obtain the identity (5.10).
Observe that the first member of the identity of Lemma 5.5 vanishes if and only if the derivation law of the first canonical connection satisfies (4.7); i.e., if and only if the first canonical and the well adapted are the same connection. Then, as direct consequence of the previous results one has Corollary 5.6 Let (M, ϕ, g) be an almost Golden Riemannian manifold. Then i) The first canonical and the well adapted connections of (ϕ, g) coincide if and only if ϕ is integrable.
ii) The Levi Civita and the well adapted connections of ϕ coincide if and only if the Levi Civita connection is adapted to (ϕ, g). In this case, both connections also coincide with the first canonical connection.
